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Abstract: In this paper, we give anew weak contraction mapping and by using this contraction mapping we
establish Coupled fixed point theorems in partial metric space. Our result extends some known results duo
to Hassen Aydi, Erdal Karapinar and Wasfi Shatanawi [3].
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Introduction

Recently, studies on the existence and uniqueness of fixed points of self-mappings
on partial metric spaces have gained momentum (see [2], [3], [9]). The idea of partial
metric space, a generalization of metric space, was introduced by Mathews [12] in 1992.
When compared to metric spaces, the innovation of partial metric spaces is that the self
distance of a point is not necessarily zero [13]. This feature of partial metrics makes them
suitable for many purposes of semantics and domain theory in computer sciences. In
particular, partial metric spaces have applications on the Scott-Strachey order-theoretic
topological models [18] used in the logics of computer programs.The notation of coupled
fixed point was introduced by Chang and Ma [6]. since then, the concept has been of
interest to many researchers in metrical fixed point theory. Baskar and Lakshmikantham
[5] introduced the concepts of coupled fixed point and mixed monotone property for
contractive operators of the form F: X xX X, where X is partially ordered metric space,
and then established some interesting coupled fixed point theorems. They also illustrated
these important results by proving the existence and uniqueness of the solution for a
periodic boundary value problem. The result of [5] has also been generalized and
extended by Likshmantham and Ciric [10].For more details on coupled fixed point
theory, we also refer the reader to [5],[7],[4].[14],[15],[16],[17]. In [16] Sabetghadam,
Masiha and Sanatpour extended the result of Bhashkar and Lakshmikantham [5] by
considering the contraction condition. d(F(X, y), F(u, v)) = kd(x, u)+ Id(y, v) where k, |
are nonnegative constants with k + | < 1. definitions and properties of coupled fixed point
and partial metric space
Definition 1.1. A partial metric on a nonempty set X is a function p : X x X R+
such that for all x,y, z£ X
(P1) x =y p(x, X)=p(X, y) = p(y, ¥),

(P2) p(x, X) = p(x, y),
(P3) p(x, y) = p(y, X),
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(p4) p(x, y) = p(X, 2) + p(z, ¥)- p(z, 2),
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a Partial
metric on X.

Remark 1.1. It is clear that , if p(x, y) = 0, then from (p1), (p2) and (p3), x =y. But if x
#Y, p(x, y) may not 0. Each partial metric p on X generates a TO topology ¢p on X which
has as a base the family of open p-ball.

If p is a partial metric on X,then the function
p*: X = X — R, given by

pile,y)=2plx,y)— ple,x)— ply,y),

is a metric space on X.
Example 1.1. (see e,9.[12],[2][9]). Consider
X =R+ with p(x, y) = max{x, y}.Then (R+, p) is a partial metric

space. It is clear that p is not a (usual) metric. Note that in this case p*(x.¥)}= |x—yl.
Example 1.2. (see[8]). Let

X ={la.bl:a,beR,a = b} and define p

p([a,b],[c,d]) =max{b,d}- min{a, c}, Then,(X, p) is a partial metric space.

Definition 1.2. Let(X, p) be a partial metric space and {xn} be a sequence in X.Then
(i) {xn} converges to a point x 2 X if and only if

pla,x)=limpg m— oo pla,xg )

(ii) {xn} is called a Cauchy sequence if their exists (and is finite)

Hmp i o0 P(Xn,2%m).

Definition 1.3. A partial metric space (X, p) is said to be complete if every Cauchy
sequence {xn} in X converges , with respect to Tp.to a point

x € Xsuch that

plx,x) = lmp m— 4o P(Xn,Xm)
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Lemma 1.1. Let (X, p) be a partial metric space .Then (a){xn} is a Cauchy sequence in
(X, p) if and only if it is a Cauchy sequence in the metric space (X, ps), (b)(X, p) is
complete if an only if the metric space (X, ps) is complete.Furthermore

ple,x)= lim plx,,x)= lim plc,.x,)
f n—+00 n,m—+00

Jimy— oo p*lxn,x) =0 | if and only i
Definition 1.4. (Bhashkar and Lakshmikantham[5]).An element (x,y)e X =< X s
called a coupled fixed point of mapping F: X xX —X ifx =F(x,y) andy=F(y,x).

Definition 1.5. Let (X, p) be a partial metric. We endow (x,y) e X = X with the

partial metric v defined for (x.y)(u.v)e X = X by W(x, y), (u,v) = plx,u) + ply,v)

A mapping F: X =X — X s said to be continuous at (x.v)e X = X, if for every
£ >0, there exist 5 — o such that F(B.((x, ¥),.8) < B, (F(x.v), ).

Before presenting our main results,we recall some basic concepts.

Definition1.6.(Bhashkar and Lakshmikantham[5]).Let (X,<) be a partial ordered set and
F:X=X—X. mapping F is said to has the mixed monotone property if
xy, € X 0y Sxy=Flry,y)sFleg,y) for any yeX, opd yun€Xyisyp=Fly)<Fly) for any reX,

Firstly Bhashkar and Lakshmikantham [6] proved the following result.

Theorem 1.1. (Bhashkar and Lakshmikantham [5]).Let (X,,<) be partial ordered set and

suppose there is a partial metric P on X such that (X, p) is a complete partial metric

space. Let #: x =X — X.be a mapping having the mixed monotone on X. Assume that
k

there exist a # e [o.1: with A, Fu,w) < Hlde,u)+dly, vl for all x.v.,u,veX

with x > u and y <v. suppose either F is continuous or X has the following properties:-

(1)if a non-decreasing x» — x ,then xn < x for all n.

(2)if a non-increasing x» — x ,then xn > x for all n.

if there exist x0, yO € X such that xo = F(xo0.¥0) and ¥ = £ (>0.x0) then there

x.v< X gychthat * = F(x.2)and » = F».x) thatis, F has a coupled fixed point.

After that, Luong and Thuan[11] obtained a more general result ,For this ,let ® denoted
all function @ : [0, +00) — [0, +o0) which satisfy

(i} ¢ is continuous and non-decreasing,

(ii) (i) = 0if and only if t =0,

(Tii) ot + 5) = lt) + pls), Vi, 5 € [0, +o0)
Again, Let ¥ denoted all function ‘¥ :[0,+o00) — [0, +ec) which satisfy lim;—, wit) >0 for
all 7> 0and lime—o= ¥(t)= 0, |t's an easy matter to see the following note.

Remark 1.2. € Y.

1 I
Remark 1.3. For any ¢ €[0,+20) we have z¢(t)=@(3)
Now ,We state the main result of Luong and Thuan[11]:
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Theorem 1.2. Let (X,<) be partial ordered set and suppose there is a partial metric P on X
such that (X, p) is a complete partial metric space. Let #: x = X — x.be a mapping having
the mixed monotone on X.Assume that there exist & € @® and yw =¥ such that

pld(F(x,y),Flu,v)) égﬂ(d(r.uﬂd(y,v])— I w

for all x.v.u,v € X with x > u and y <v. suppose either F is continuous or X has the
following properties:-

(1)if a non-decreasing x» — x then xn <x for all n.

(2)if a non-increasing x» — x ,then xn > x for all n.

if there exist x0, yO € X such that xo = f(x0.v0) and ¥ = F(yo.x0) then there

x.v < X gych that * = Fx. ) gnd » = £ (.2 that is, F has a coupled fixed point.

Remark 1.4. Let k< [0,1)Taking ®(t) =t and w(#)=(1— X&) jn Theorem 2.1., we obtain
Theorem 1.1,

Resentaly, Hassen Aydi, Erdal Karapinar and Wasfi Shatanawi[3]. introduced more
general contraction

condition which generalized the results duo to Luong and Thuan[12], and there result in
the following theorems

Theorem 1.3. Let (X,<) be partial ordered set and suppose there is a partial metric P on X
such that (X, p) is a complete partial metric space. Let ¥ : x = X — X .be a mapping having
the mixed monotone on X.Assume that there exist w € @® and =¥ such that
(dlx,u)+dly,v)| ffd(x,u}+d{}',v}"

— YT

for all x.v.u,v € X with x > u and y <v. suppose either F is continuous or X has the
following properties:

(1)if a non-decreasing x» — x then xn <x for all n.

(2)if a non-increasing x» — x ,then xn > x for all n.

if there exist x0, yO € X such that xo = f(xo0.v0) and ¥ = f(yo.x0) then there

x.v < X gych that * = Fx.») and » = £ (.2 that is, F has a coupled fixed point.

old(Flr,y),Flu,p) =

Now, we give anew weak contraction condition which generalized the previous results.
Also, we prove

some coupled fixed point theorems on ordered partial metric space by using this weak
contraction condition.

Finally we introduce an application to support our results.

The main results

The aim of this work is to prove the following theorem.
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Theorem 2.1. Let (X,<) be partial ordered set and suppose there is a partial metric P on X
such that (X, p) is a complete partial metric space. Let ¥ : x = x — x .be a mapping having
the mixed monotone on X.Assume that there exist & € @® ard w ¥ such that

M(x,u)+M(y,v))_W(M(x,uHM(y,v)

p(p(F(x, y),Fu, )< ¢ 5 5

1)

Since

1
M(x,u)=max{p(x,u),p(x,F (:c,y}},p(u,F(u,v)),E[p(u,F(x,y)Hp(x,F(u,v}}]l
1
And M(y.v)=max{p(y.o),ply.Fly.x), plo.F 0.0, [p0.Fy. 1)+ py. Flv. )]
for all x,v.u,v € X with x > u and y <v. suppose either F is continuous or X has the
following properties:
(1)if a non-decreasing x» — x ,then xn < x for all n.
(2)if a non-increasing x» — x ,then xn > x for all n.
if there exist x0, y0 € X such that xo = f(xo.30) and ¥ = f(yo0.x0) then there
x.v € X gych that * = F(x.3) and » = F(»->) that is, F has a coupled fixed point.
Furtharmor »¢x.x) = p(y,y) =0
proof. Since *o = f(x0.¥0) = x1 (say) and Yo = F(¥yo.x0) = ¥1 (say), Letting
xz = flx1.¥1) gnd Y2 = Fyi.x1).
(0, y0) = F(f(x0,y0), f (y0,%0)) = f(x1,y1) =x>.
*(30.%0) = F(f (y0,%0), f (x0,0) = f(y1,21) = y*.
We Now have, due to the mixed monotone property of F.
xg = flx1,¥1) = fxa,¥0) =x1 gpqg
yz2 = fly1.x1)= flyo,x0) = y1- further,for= = 1.2.3.... we let

xn+1= " Mo, y0) = F(F™(x0, y0), F™ (0, %0)).
And Y= ™ (y0,20) = £(F™(y0.%0, ™ (x0, ¥0)).

xo< flxg, yo) =21 < flay, y) =23 <.  F* 20, 30) = s
We can easily verify that Yoz flnx)=yzflyx)=yz..2 f“l(y{]:x{]):yml-
Since ¥~ = *n+1 gand ¥= = ¥=+1 frome (1), we have
B(plxn,xn:1)) = @(p(F(xp-1,yn-1),F (xn, y2))
S‘p'M(xn_1,xn)+M(yn-1,yn))_w M(xn_l,xn)+M(yﬂ_1,yH))

. 2 2
'(M(xn_l,xn)'FM(:}'n—l;:}'n)

5(,0{ 2 ] (2)

M(xn—lpxri] = {p(xﬂ—lsxn).-P(Ira—lsxn)sp(xrhxn—l]:

%[p{xn—laxn—l)‘l'p(xnaxn)]E

If xn an—l,then Xn = f(xn.¥n)
And ¥rn = ¥r+1 ,then ¥n = fl¥n,xn)
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then F has a coupled fixed point. Therefore we assume that *» # *n+1 and

¥n # ¥n+1forall n > 0. Then P(Xn.%ne1)# 0 and P¥n-¥n+1)7 O Jet if possible for
some n.

PXn_1,%p) < p(Xn,Xne1) (*) Since P(p_1,%n+1) < Plty-1,%0)+ Py, Xps1) - plan,xp)

%[p{xll—laxﬂ,+l] +p(xXp,xp0)] = plXn,Xnse1)

**)
Similarly %[P(J—'n—l,}"rHl} + p(yn, yn)l = p(¥n-1,¥n)
Now, from (*), (**), we have

M(xp_1,x0)= p(Xn,Xnpe1)

Similarly M (Yn—1,¥n) = P(¥n.¥n+1) from (2)and above inequality

[plen,xne1)+ plyvns1,vn) )
W(P(In__xnﬂj}iwlp nsXns1)+ P(Yns1,¥n |

2
| | (3)
r.ﬂ{p[ymymﬂzwl:p(}”’}”“j;(x”l‘x“j .
And - !
(4)
By adding (3), (4), and use z#‘=«(z) we have
(ply Xpe1) + Py, at1)) = 2‘10|fp{xmxn-1};,ﬂ{yn+1,yn}'.|
@(pCtn, 1)+ QP Ynt1) = @(pln,Xns1)+ P(Yns1,Y0))
This is contradiction with #{f +8) = @{t) +@(s)
Then P(In,xn+1}5p(xn—1,xn} E-nd P(J"ﬂ,yn—l]ﬂ P[}'J’J—h}'n)
Then M(In—lexn):.u{xn—laxn} and M[.}'n-l*yn):p{yi‘t-hyﬁ}
o ©)
Since ¥ is non increasing , from (3) and (4) by (5).
I.{rt—r.l'] {ﬁ—-.'!.l
Pltntpan) < [ VPt
We have -. 2 J (6)
"p{yn—lsj"n}‘l'ptxn—lsxn}'l
P(Ynyns1) = | :
\ 2 )
(7)

By adding (6), (7), we have pley+xns1)+p(¥a, ¥as1)= pya-1, 30+ Dlxa-1.72) set tn = p(xn-1,
xn)+p(yn, yn+1) , then the sequence tn is non-increasing and bounded below, therefor

there is some t > 0 such that A= H[P(En Ene1) +plyn, yoet)] = ¢ (8)
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wfp(xn.-xn+1)+p[}'n.-}'n+1)"|

Now ,we will show that t = 0 Assume thatt> 0 2 J
‘P Xn-1; xn)‘l'm["rn 1s ?n)‘ |'.U{xn—1:xn}+P{U/n—l:}'n}"‘

= maxle(pen, tns1), @0, yns ) = 2 )7 2 '

Then , taking the limit as n—e=o and using (2.8) and having in mind that
limy—r y(r) >0 for a1l r > 0 and # s continuous, we have

= ‘P(m&x[p(xn*xn—l}rp(hsyn—l}})

; _ e 7 o o
WQE} = nh—Ianl,_gJ = J_lll_rrkl lgol |— £2 JJ
| [fp—1

= 5 |- lim |

w' | e | 2 |2 This is contradiction with Foa¥(@)=0.vr >0
then t = 0, Denote tn = P (xmxn+1)+p (¥ns¥n+1). Y1 €N from the definition of ps,we

get

tne = ,US{xn,xn+1]— ﬁs(j"n,}"uﬂ] = 2p(tn, Xne1) - P, s ) = PAna1,2n41) + 2DV, Vo)
—P(¥n,¥n)— P(¥Yn+1,Yn+1) =2tn —[p(xn,%n+ )+ PXnsr, Xne1) + P(Vn.¥n)

+P(¥n+1:Yne1)] = 2tn By taking Limit at = — o, from (8),
using t= 0 11m i < 11m 2tp =2 11m tn Then JHm #7, =0 9)
Now we prove that xn and yn are cauchy sequences in the partial metric space (X, p),
from lemma 1 it is sufficient to prove that xn and yn are cauchy sequences in the metric
space (X, ps). suppose to the contrary. So at least one of xn and yn is not a cauchy
sequences in (X, ps) . then there exist £ =0 and sequences of natural number (m(k)) and
(I(k)) such that for every natural number k mE)=lk)=k

and Tt =P 16k, mi) + " (k) Ymik)) = €

(10)
Now corresponding to I(k) we choose m(k) to be the smallest for which (10) holds.
So Pk Xmikr-1)+ P (Nik)s Ymik)-1) < £ from (1)

8 k)
using triangle inequality, we get E<Ty, S P (0, Tne-1)+ P @ik 1. mik)

£ D"k Ym(y-D) 4 P Omy-1. V) < € + 25,3y _1

Lettlng E— oo gnd u5|ng (9) 11111 rk 4+ 0 then llm J"‘k = £

On the Other hand |et rk - p(x.lr[.k}!xﬂlfk})-l_ p{}?ﬂk]!}}ﬂi[k}]

(11)

By definition of T we get Tk =P X1 Xma) + PO Ym®) in view of

oroperty of (p2) and (8) we get Jim plrige)ie)) = lim plemee), Xmity) + Him plyiiey, o)

+ lim plvmikr, Ymik))

k—oo Therefore, letting %—o=c and wusing (11), we get
£
PR =S MM = 2 o SRR S (12)
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since (xn) is a non-decreasing seguence and (yn) is a non-increasing seguence by
w(p(xf[kﬂlaxm[khl)) = ‘\0( f }}Hﬂ f(xm }}m

inequality (1), we have
- {'M(xz[m,xm;kp)+M(J’J[k).-y3[k)))]
= >

(M Cxpigeys X)) + MOy, yi))
N w( 2 )

Since Mxii5y, Xmir)) = PIR) Xmik) and M (yizy: Yme) = POIGR) Ymik) then
=)

Ppxik)+1:Xmk)+1)) = o > —w[%’}
from the tow inequalities , we get using the properties of «

" ( P+ 1 X miky+1) + POVIE) + 1. Ymki+1) )

< @max{p(eip)s1,Xmp)e 1), POIR)+1, Ymip)+ 1))

= «(Z)-v(F) letting = — == and using properties of 4 and ¥ together with
(12),we have

£ = E — 13 J’"_k —
w{z] —w(4) kh—nc}ow[ 2) - tp[ ]_llmw(t)<@[ ]ThIS is contradiction. Therefore

xn and yn are cauchy sequences in the metric space (X, ps), since (X, p) is complete,
from lemma 1, (X, ps) is complete metric space, then there are *-¥ € X sych that
klim Pixn,x)= }}im P*(¥n,y)=0
Therfor from (8), using lemma 1 and (p2) nimlP@n.X)+p(yn.01=0 "
then Jim pan,x)=0 JHm p(yn.y)=0

11m pPlxn,xp)=< llm pPXn,Xna1)

takingn — 00 n— :

and Since Plxn,xn) < p(xn,Xpe1)

then
plxe,x) = lim plx,,x)= lim p(xn,xp) =0
Similarly P> =0 POy = Hm pOn.y) =0 \we  shall  show that

x =[G, andy = F(¥.x) (a)Assume that F is continuous on X . in particular F is

continuous at (x, y),hence for any £ > 0., there exist 4 >0>sych that if (w.v)eX xX
verifying V(e 3), (w,v)) < vllx, ), (e, y)) +6

meaning that plx,u)+ply,v)< ple,x)+ply,y)+6=4

Then we have, pFlx. v, Flu,vh < p{F{x,y}_.F((x.y}}+% (13)
d e
lim p(x,,x)= ]1m (y2,¥)=0, for a=min(=,=)>0 .
Since = ! f 22 there exist nO,m0& N such that ,for n >n0
m> mo. then plx,x)<a and ply,.vi<a (14)
Then for me~ | nzmax(no.ma). we have Plnx)+plym,y)<2a<a  so we
get p(Flx,y)x) = pFle,y)xp:1)+plegs1,x) = p(Fle,y)Fle,,y.D+plx ,, .x)

< pFlc,y)Filx, y))+ % +a
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From (13) and (14) On the other hand pPte.x}—ply.y3=0 " jn (1) We get

(M) + MOy, v

(M, )+ My, ¥))
rptp{F(r.y}_.F{x_.y))}gqo| 5 E - |f

) By using

M

|fp(x,x}+p(y,y)'w| "p(r,x)er(y,y}h

plpFley) Fley)) = ¢ 5 ,

L2
en -
= ¢0-v© = —wl0)=0Whijch implies that PFE.FE=0 5o for
any €>0 | then plFlx,y)x)<0+¢  this implies that #=.¥'=»  and we can show
that #(v.x)= ».(b)Assume that X satisfies the two conditions given by (1) and (2). Since
Xn is a non decreasing sequence and ¥»= —X and as yn is a non -increasing sequence and
¥n— ¥ hence we have xn < x and yn >y for all n, by the condition (p4) , we have
p[x’F[xh}.'_}:I gp{x:xn_'_l}+F[IR+I’F[I-’J.I-}:] =p{.‘{',-l'ﬂ_l}+p(F|:In.~.}'n}.F|LI,J‘}J'.
(M(x,,x)+ My, ,j.')"|

< cptp{x,xnﬂ}}ﬂpll 5

(5) Mx,x)= plx,x) and J\fﬂy_.y}=p[}uy)-|-h

Therfore fPt.P{I.Ft.LJ"”} = fP(,U{IJnﬂ}HQU{P':F{ImJ"n:',F[H“D}

(M (x,, My, v
‘1-*"’|—Jr 0 .y lim plx,.x)= lim p(yv,.yv}=0
— OO n—od

2 ! Taking the limit as 7 — 20 | using »
And the properties of @ and w, we have ¥(PEFEI=0 thys plr.Fle.y)=0 Hence

x=Fix,3), similarly , one can show that ¥ =£{y.x).

Corollary 2.1. Let (X,<) be partial ordered set and suppose there is a partial metric P on
X such that (X, p) is a complete partial metric space. Let #: x = x — x.be a mapping
having the mixed monotone on X.Assume that there exist = ® and yw =¥ such

1
plp(Fx, y),Flu,v)))= —(Mix,u)+M(y,v) (M ix, 1)+ My, )
that J
Since

1
M(x,u)=max{p(x,u), p(x,F(x,y)), plu,F (u,v)),E[p(u,F (x, y))+ plx,Fu,v)]}

(15)

1
and M(y,v)= maxlp(y,v),p(y,F(y,x)),p(v,F(v,u)),g[p(v,F(y,x)Hp(y,F(v,u))]}

for all x,v.u,v € X with x > u and y <v. suppose either F is continuous or X has the
following properties:
(1) if a non-decreasing x» — x ,then xn < x for all n. (2) if a non-increasing

X,» — x then xn > x for all n. if there exist x0, y0 € X such that xo = #(x0.¥0) and

¥ = f(yo.x0) | then There *-» < X gych that * = F(x.3) And ¥ =F».x)-That is F
has a coupled fixed point. Furthermore, 2¢x.x) = p(y.») =0

Proof. by using 39 = 9(3)in theorem

2.1. Corollary 2.2. Let (X,<) be partial ordered set and suppose there is a partial metric
P on X such that (X, p) is a complete partial metric space. Let ¥ : x ~ x — X be a mapping
having the mixed monotone property on X. Assume that there exists areal number
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%
pFlx, v),Flu,v) = —(M(x,u)+ M(y,v)) .
ke[0,1) gych that 2 for all x,v.u,v € X with x >

u and y <v. suppose either F is continuous or X has the following properties: (1)if a non-
decreasing x» — X ,then xn < x for all n. (2)if a non-increasing x» — X ,then xn > x for
all n. if there exist X0, y0 € X such that xo = F(x0.¥0) and ¥ = F(vo.x0) then There

x.v< X gych that * = Fx.2) And ¥=F(y.x)-That is F has a coupled fixed point.

Furtharmore, P(x,x)= p(y,y)=0

_1-k& ; .
Proof. We take ¥®="37 in corollary 2.1 Now we shall prove the uniqueness of a

coupled fixed point .Note that if (X,<) is a partially ordered set . then we endow the
product X = Xwithe the following partial order

For (x . v) (. mle X x X ., (,y)sw,v)ex<uyzv

Theorem 2.2. In addition to hypotheses of Theorem 2.1., suppose (x.¥).(z.t)e X x X there
exists a (u,v)in X = X that is comparable to (X, y) and (z, t). Then F has a unique coupled
fixed point.

Proof. From theorem 2.1, the set of coupled fixed point of F is non-empty .suppose (X, y)
and (z, t) are coupled fixed point of Fthat is, x = F(X, y), y = F(y, X), z= F(t, z). We
shall show that x = z and y = t. By assumption , there exists (#,v)eX x X that is
comparable to (x, y) and (z, t). We define sequences {un}, {vn} as

follows ®o=u ,v0=v = Un+1=Fun,Un) gnd vpi1=F@nun) Yn. Since (uv) is
comparable with (X, y), we may assume that (u0,v0) = (u,v) < (X, y). By using the

mathematical induction it is easy to prove that (4n:Un)<(x,y)<VneN.

From (1) we have

M(x,un) +M(y,vn M(x,un)+M(y,vn)
D@, Un1) = PPECY),Flunv,) = o e R
- [M(x,uu)+M(y,vn)J
= v 2 since (u,v) in x = x that is comparable to (X, y), then from (5) in

theorem 2.1 we have M(®.un)=p(x,un) ang M.0n)=P(:tn) Then

p(x: u?’i‘.) + p(J':Un)
q" e —

P(p(x,ups1) < 2

(16)
p(y,vn) +plx,up)
@(p(y,vns1)) < (p(f}
And (17)
Since ¥ is non-decreasing, from the above inequalities, we have
plx,up)+p(y,vy)
X,Un+1)) <= -
(plx,uns1) 2 )
p(y,vp)+plx,up)
(P(y,Vp41)) < 5
(19)
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Adding (18),(19), we get P, Uns1) + P, Une1) S POCURD DY Un) ot o the sequence
{p(x,un)+ p(y,vn)} is a non-increasing. Therefor there exist @« =0 such that
Jim [pCx,un) +p(y,vn)l =
By (16),(17),

P, Ups1)+ Py, Uns1)

a.
Now, we shall show that « =0, Suppose to the contrary.

we have “’( 2 < ypmarl(pe i) PO} < max{p(p(x, un+1)),@(p(y, Uns1)))
< {p(M(x)un);M(y:Un) _w[M(x:un};’M(%Url)) - P(I,un);f}(ﬂ’yvu]

Letting 1 — oo, we have

(p(x:uﬂ)+p(y)l'!!1}) @
2 = ‘P[g}
A contradiction thus & = 0. that is AP, un) +p(y,vn)]1=0

n—oo

of8) = olZ)-my

It follows that AMLP@un)=1lm p(y,vs)=0

that ;}L"Jop(z’ Up)= rgl_ngop(t,vn) =0

since p(x, z) < p(x,un)+ p(un, z) and p(y, t) - p(y,vn)+ p(vn, t), etting " — +00, we
obtain p(x,z) = p(y,t)= 0.sox=zandy=t.

similarly, one can show

Theorem 2.3. In addition to hypotheses of theorem 2.1, if X0 and y0 are comparable, then
x = F(x,y) = F(y, X) = y where (X, y) a coupled fixed point F.

Proof. Following the proof of theorem 1.2. ,F has a coupled fixed point (X, y).We only
have to show that x = y. since x0 and y0 are comparable,we may assume that x0 > y0 .By
using the mathematical induction ,one can

show that xn > yn for any nenN . Not that , by (p4)

px,y) = pl,xpe)+ pnst, Yns1)+pOns1,y)
= ple,Xs1) 4+ P01, Y)+ PE g, o), F(yn,20))

property of ¥
(P(p(x,}"}] = (ﬂ'{p{x:xn+l)+p(yn+1:.}'))+(P(.D(F(xn,}’u},F(}'n,xn)))

“Therefore, using the condition (p3),(1) and a

< (PO, tne1)+ POt )+ G (g, ) - Y(M (e, 3) € OPGTn1)+ P01 ))
+¢(p(xn, yn)) - (p(e, yn)) (20)

From

limy, o, plxy,x) = limy_ o p(xp,x) =0 We gave Jm pCen,yn)= plx,y).

0.Letting = — =< in (20) we get

Assume that p(X, y) #
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o(p(r,y) < @0)+¢(px,y))- lim y(p(in, yn))

= @(p(x,y))- lim W(p(xn,yn)),
Pl v, l—ple,y)

)W(p(xn :.}rﬂ.)) = O!

lim
That is #tn-¥n)—pl.y a contradiction. Thus, p(x, y) =0, so x=.

Corollary 2.3. Let (X,<) be partial ordered set and suppose there is a partial metric P on
X such that (X, p) is a complete partial metric space. Let #: x = X — x.be a mapping
having the mixed monotone on X.Assume that there exist @€ @® arnd v ¥ such

1
o(p(F(x,y),F(u,v)))= Erp(M(x, u)+M(y,v))
that
M(x,u)+M(y,v)
2

for all x,v,u,v€X with x > u and y <v.
suppose either F is continuous or X has the following properties:

(1) if anon-decreasing x.» — x ,then xn <x for all n.

(2) if a non-increasing x» — x ,then xn > x for all n.

if there exist x0, y0 € X such that xo = f(xo0.30) and ¥ = f(»o.xa) | then There

x.v=X gych that * =7 And ¥ =Fy.x)- That is F has a coupled
fixed point.
Furtharmore, P(x,x) = p(y,¥)=0

Proof. Follows from theorem 2.1.

Corollary 2.4. In addition to hypotheses of corollary 2.1, suppose that for every
(x.1).(z.2) e X = X there exist a (u, v) in X > X that is comparable to (x, y) and (z, t) ,then
F has a unique coupled fixed point.

Proof. Follows from Theorem 2.2.

Corollary 2.5. In addition to hypotheses of Theorem 2.1, if X0 and y0 are comparable,
then x = F(x, y) = F(y, X) =y where (X, y) is a coupled fixed point of F. Proof. Follows
from Theorem (2.3) and (2.1) Theorem 2.4 . Let (X,<) be partial ordered set and suppose
there is a partial metric P on X such that (X, p) is a complete partial metric space. Let
F:X =X — X.be a mapping having the mixed monotone property on X.Then, the
following are equivalent: (1) There exist @. %W € ® such that for any

Mx,u)+M(y,v)
) p(p(F(x,y),F(u,v))) SPp|—F
x,y.u,ve X with x, u and y-v, we have 2
B M(x,u.)+M(y,U))
2 ‘ (21)

(2) there exist @ =10,1) and ¢ = <@ such that for any X, y,u,v 2 X with x , uand y - v,we
have
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P(pF(,9),Fu,p) < (w]

2 (22)
(3)there exist a continuous non-decreasing function ¢ :[0,00+)—[0,00+) gych that
pt)<t for all t > 0 and for any xyu,veX with y< vwe
M(x,u)+M(y,v)

) (23)

p(F(, ), F,y) < m[
have

Proof

D {(p(x,u)w{y,v))

5 :P(F(xJLF(”:U)):x,y,u,vEX,J:Eu and y=v}

Then, the proof follows from (i),(vi) to (vii)off lemmal of [9]. From Theorem (2.1) ,we
have the following remark.Remark 2.1. (a)Let%" and @ be as in Theorem 2.4. part (1)
and replace inequality (20),Then theorem (2.1),(2.3) are still valued. (b) Let ¥ be as
Theorem 2.4. part (2) and replace inequality (21).Then ,Theorem (2.1),(2.3) are still
valued. (c) Let @ be as Theorem 2.3. part (3) and replace inequality (22).Then, Theorem
(2.1),(2.3) are still valued. Now, we introduce an example to support our results.

Example 2.1
Let X = [0,1] and P(x,y)=maxix,y} F:XxX — X xX defined by Fx.3)=3(x.y)

3
[
= V= = . %¥x.v.U.UE pF(x,v), F(u,v))= —(plx,u), p(y,v))
Let (P(t) I,‘l;ﬂ: ) 4’ ¥, U,U |hen we have 8

@(p(F(x,y),F(u,v) = pEx,y),Fu,v)=max{F(xy),Fuu)

Since
Mxu)+M(y,v0))  (M(x,u)+M(y,v)
w(p(F(x,y),F(u,v)))Sw( — —w( —
Then from 1)
1
_ MGoxsu)=mafploe,u), o, F (x, ), pla Flu,v),~[p(u,F e, ) ple,Fu, )] - maxl, U, ) =z
Since 2 p)
y—l—U
Then M (y.v) ~ max{v,y.v, 2 P=v
Then we
Mix ,u‘]+M(_}'.u.‘J) _ [M{.t_.u‘.l+i'pﬂy,u}) _ x+v
have 2 2 2
(M(x,u}+M(y,L‘)]_ (M{:c,u}+M(y,U) tv xav
then 2 2 - 2 8
. 3(x + )
- 8
3 32

w(pF(x,y). F(u.v))) S F has a unique fixed point (0,0) in X
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