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Abstract: Variable coefficients and Wick-type stochastic KdV-Burgers equations are researched. Exp-
function method is proposed to present soliton and periodic wave solutions for variable coefficients KdV-
Burgers equation. Generalized white noise functional solutions for Wick-type stochastic KdV-Burgers
equations are showed via Hermite transform and white noise analysis.
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Introduction

In this paper, we investigate the variable coefficients KdV-Burgers equation:

ue + Fltduux — glt) uex + A{t)uxxx = 0, (tx)e R+x R, (1L1)
where f(t). glt) and h(t) are bounded measurable or integrable functions on =& +.
Eg.(1.1) arises in many physical phenomena, such as the propagation of waves in an
elastic tube filled with a viscous fluid [25]. the flow of liquids containing gas bubbles [29].
turbulence [9] and ferroelectricity [32.33]. If such physical phenomena are considered in
random environment, we can get random KdV-Burgers equation. In order to give the
exact solutions of this random model, we only consider it in white noise environment,
that is, we will study the following Wick-type stochastic KdV-Burgers equations:
Ue + Flt) o U o Uxr — Glt) o Uxx + H{E) o Uxxx

=0 (1.2)
where "= " is the Wick product on the Kondratiev distribution space (s)_, and F(t). &(t)
and H(t) are (s)_, -valued functions [24]. It is well known that the solitons are stable
against mutual collisions and behave like particles. In this sense, it is very important to
study the nonlinear equations in random environment. However, variable coefficients
nonlinear equations, as well as constant coefficients equations, cannot describe the
realistic physical phenomena exactly. Wadati [28] first answered the interesting question,
“How does external noise affect the motion of solitons?”’and studied the diffusion of soli-
ton of the KdV equation under Gaussian noise, which satisfies a diffusion equation in
transformed coordinates. The cauchy problems associated with stochastic partial
differential equations (PDEs) was discussed by many authors, e.g., de Bouard and
Debussche [4.5]. Debussche and Printems [6.7]. Printems [27] and Ghany and Hyder [13].
On the basis of white noise functional analysis [24]. Ghany et al. [10-12,14 -17] studied
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more intensely the white noise functional solutions for some nonlinear stochastic PDEs.
Recently, many new methods have been proposed to solve the non-linear wave equations
such as variational iteration method [19. 26]. tanh-function method [2. 21].

homotopy perturbation method [8.18] and F-expansion method [1]. The Exp-function
method was first proposed in [20]. As it is a straightforward and concise method ,it was
successfully applied to obtain generalized solitary solutions and periodic solutions of
some nonlinear evolution equation arising in mathematical physics. The application of
this method can be found in [22.30.35.36]. Moreover, The solution procedure of this
method, with the aid of Maple, is of utter simplicity and this method can be easily
extended to other kinds of nonlinear evolution equations [23.34]. In our paper, we use the
Exp-function method to seek new exact travelling wave solutions for the variable
coefficients KdV-Burgers equation. These solutions include soliton and periodic wave
solutions. Then, with the help of Hermit transform and white noise analysis, we employ
these solutions to find generalized white noise functional solutions for the Wick-type
stochastic KdV-Burgers equations.

Soliton and Periodic Wave Solutions of Eq.(1.1)

In this section, we apply Hermite transform, white noise theory, and exp-function
method to explore soliton and periodic wave solutions for Eq.(1.1). Applying Hermite
transform to Eq.(1.2), we get the deterministic equation:

UG xz) +Flt.2) Ut x. 2) O,(t.x,2) — Gt z) U, 0t.x. 2) + Bt 2) O, (¢, x. 2)
=0 1)

where z = (z1, z2,..) € (C¥) IS a vector parameter. To look for the traveling wave
solution of Eg.(2.1), we make the transformations F(t z) := f(t.z). G(t.z) := g(t.z)
Hit,z) := hit.z)and Ot x,2) =:ut,xz) = u(F(tx 2)) With

r

Flt,x,z) = kx +[ wlr, Z)dt + ¢,
o

where k = 0., ¢ are arbitrary constants and «(z.z) is a nonzero function of the indicated
variables to be determined later. Hence, Eg.(2.1) can be transformed into the following
ordinary differential equation:
wu' + fluu' — gK*u" + REZu" = 0, (2.2
where the prime denote to the differential with respect to &. In view of exp-function
method, th% Eolution of Eg.(2.1). can be expressed in the form:

n=—c an exp(nf)
ult,x,z) = S brep(md) (2.3)
where ¢. d. p and g are positive integers which could be freely chosen and an. b= are
unknown constants to be determined later. Eg.(2.3) can be re-written in an alternative

form as follows:
_acexplcf) + -+ a_g expl—di)
e oy ey ey ey SIS
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To determine the values of ¢ and p. we balance the linear term of highest order

of Eg.(2.2) with the highest order nonlinear term. By simple calculation, we have
_ ctexplic + 3p)E)l + -

u c2 T:Ecp[‘lﬂpﬁ] + _]J ' (23
_ caexpliZe + 2p)f)l + -
b ceexpldps] + - (2:6)

where ¢i are determined coefficients only for simplicity. Balancing highest order of
exponential function in Egs.(2.3), (2.6), we have p = ¢ Similarly to determine values of 4
and g. we balance the linear term of lowest order in Eg.(2.2):

_ .t diexpl—ig + 3d){)]

U ..t d2 Exp[—‘l-qﬁ] ! @7
_ et diexpl—(2q + 2d)¢)] -
= o+ daexp[—4qE] ' (2.8)

where d: are determined coefficients only for simplicity. Therefore we can obtain & = j.
Now, we solve Eg. (2.1) for some particular cases for the constants p. c.d and g.

Case A.
Ifwesetp = ¢ = 1andd = ¢ = 1.then Eg.(2.4) becomes
[ai exp(Z(t.x,2)) + ao
+a_; exp(—£(t.x.2))
[.Eziexp{-f{t,.r,z:]} +bo]’
+b_; exp(—£(t. %, 2)

ult,x,z) =

(2.9)
Substituting Eg. (2.9) into (2.2). using Maple, and equating to zero the coefficients of all
powers of exp(nf), yield a system of algebraic equations in the unknowns
a0, bo, @i, a —1, b—1 and « in the form.

—way — fk¥a, — gklay + hk¥a by +
Ok%a by + Fhkalby — fka, by + wa by =0,

—4gkia_, — Bhk®a_, — fkal +4hk®
apby — 2fka,a_, + 2fkalb_, + fkal
b —2waphby + 2wa, b + 2wayb_, —
4k*ha, by + 4gk’a,b_, + Bhk a,b_,

—2ma_y, =0,

—hk®agb? — 18hk3a,b_, by — ShK?
a_y by + hk¥a, bE — waph_, + 2gk®
ayb_ by + wa, by + 23hk%ayb_, — 5
wa_yby + 2fkaga, by + 3Fk afh_,
by — 2fkaya_, by + fhaya, b + hk®
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agbs — Tgkia_ by + Sgkiagb_, — g
kfa,bi + 6oy bh_ by — Fkalb, —3F

kopa_y —waghy =0,

—wagh®, — hk¥a_, b3 + gkZa b_, b
_23hkPayb?, + 2fka_asb_by 4 f
kaib_ by + waph_ bE + Swa, b2, by
+18hk*a_,b_ by — 6wa_,b_ by + h
k¥ayb_,bi — 3fkat, by — wa_, b3 —
Tgkia, b2 by + 2gkia_b_ by +5h
k¥a,b®, by — gkZa_,bE + Sgk? aybi
+3fkah® 0, + 2fkagh_,a_, — fk

agbiya_y =0,

—2wbia_; — 4hkiayb? by + 2eway
b} —2wa_,b_,b} + fkagbi + 2fk
a_,a, bt +4gkia_ b+ 4hkia_,
b_,bE +8hk®a, a?, + 2wa, b2, b,
—8fk*a_ b2, — 4gk’a, b3, — 2fk
al, b_, —fka®, b3 =0,

wagh®, — gklayb®, —wa_ b* by +
+gka_,bl, by — fkaly b_ by + fk
a_,ayb?, — hk®a_,b%, by + hk¥a,
b3, =0.

(2.10)

Solving this system with aid of Mable, we get the coefficients:

r da_, bi

gy = B—D, b_y = 3
25 a_, f(t. Dhit, 2)
4 —3big*(t.2)
1475 e @
[5[] a_, flt, 2 h(t, z)
_ %l _3pgi(ta)
ST by Flt.z)

where a—1 and b0 are free parameter-s. Substituting these values into Eg. (2.9}, we obtain

the following soliton wave solution of Eg. (2.1).
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4
7+ i+ ]
o
a_, exp(—&, (¢t x 2))

utlt, x,z) = “E’(':ri{t-“z:]:] +o, | (2.12)
EJ..
+5exp(— & (t.x.2))
Where
[25 a_, flt. z)hit, z)
o= 4 —3bi gilt, z)
1725 b2f(t. z)
exp (£, (tx.2)).
2
£,(t.x.2) =k [x -= ] (2.13)

50 a_, f(t, z)h(t, z)
[F —3bigilt.z)
e oe

In the case of & is an imaginary number, i.e., k = ik, the above soliton wave solution can
be converted into a periodic wave solution of Eg.(2.1) as follows:

Py cns{fi{t,x,z]} +
%’-H’ ﬁsin{fl(t.r, z]}_

waex2) = Z . @14)
[1 + _q.l] cos(£, (¢, x.2))
_[1 - %E] i s[n{fl{t, x,z) }_
Where

15 :_1,r'ir_x)?:ir_xfl] T
4 —zbfg? (e)

V== - a

: | Bl fiea) 1+a_s|.

15 c_i,r'lit_zilh[t_xj] 1
—2big*lt.e)
] - ﬂ-_i N

4
= ;[ B2 Fitg)
2 Fii

where Z,(t.x.z) is expressed by Eg.(2.13). If we search for a periodic wave solution, the
imaginary part in the denominator or of Eg. (2.14) must be zero, that requires that e = +2,
S0, we have a periodic wave solution of Eg.(2.1) as the form:
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V, cos(&;(t,x,2) ) + 2a_,

#2753 cos(&; (t.x.2)) + 2a_, +2° (219)
Where
[25 a_,flt, z}h(t, z)
1 —12g%(t,2)
FE- = E[ f{t}z:] G_q |

Eiltx,z) = R:[x —% A ],{2.15]

25 a_, f(t, 2} kit z)

£ "
_ —6g°(t, z)
Ve = L 2.2 dr,

Case B.
Ifwesetp = ¢ = 2and d = ¢ = 1,then Eg.(2.4) becomes
a_zexp(—2£(t.x,2))
a,expl(F(t.x.2)) + ao
+a_ exp(—£(t.x,2)) |
exp(—27(¢t,x,2)) + |
Eziexp{-f{t,x, z]} + b0
+b_, exp(—£(t x,2) ) ]

ult,x,z) =

(2.17)

Substituting Eg. (2.17) in Eq.(2.2). using Maple, and equating to zero the coefficients of all
powers of exp(nf), yield a system of algebraic equations in the unknowns
a0, bo, a1, b1, b-1, a-1, a-2 and w. solving this system with aid of Maple, we get the
coefficients:

/ —45
b_, = 27 Lat =hbo =0,
[1ﬁbig={t,z] — 675
o = a._lf{t,z:lh.{t,z:]
Y 1008if(t 2R(t2)
[43 big*(t.z) + 675]
o= u._if{t,z:]h(t,z:] ]
- 10082 flt, 2)hit,z) °
8hig”(t.z) +225] 7
a_,f(t.z)h(t, 2)
10053 hit,z)

(2.18)

=3k
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where a—1 and b1 are free parameters. Substituting these values into Eg.(2.17). we
obtain the following soliton wave solution of Eg.(2.1)

W+ tay
epttienm)]
exp(-25,(t.x,2)) +]’
&Lexp{ﬁ (¢,x,2)) -

?? E'xp{ £, (t.x,2))
(2.19)

uqlt, x,z) =

Where
48 bl g*(t,z) + 675
,_f{t ) hit, z)

- IUUblf(t,z]h{t,z] exp(-2%),

[15 b} g*(t.z) — 675
_ a_lf{t,z]h{t,z:]
s = 0063 G ORGP

£altx2) =k x +ﬁ %] 20

B8bigilt.z) +2
_ l_f{t zh(t, z:]
= f,_, b2h(t, =)

According to Case 4, Eq.(2.19) can be converted into a periodic wave solution as follows:
[T’m + W, cos(E,(t, x,z]}]
+V,; isin(5 (¢ x,2))

uylt, x,z) = T (2.21)
[al + b A, — 7?1-—;1.!]
Where

[+a bi g%(t. z) + 675
. a_, f(¢,z) hit, 2)
U 100bif DRt Y

'[lﬁ big(t, z) — 675 1
a_,f(t. z2)h(t, )

Vyy = - ,
“ T 006 f e DR ) OH

'[lﬁ big(t, z) — 675 1
a_, f(t. z)h(t, z)

Wy = ! -
2 T 10063 f e DR ) F
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And
4, =cos(28,) — isin(2F,),
A; = cos(E,) +isin(2F;)

A, = cos(E,) — isin(2F,) |
where £, (¢, x,z) is expressed by Eg.(2.20).

Case C.
Ifwesety = ¢ = 2and d = g = 2.then Eg.(2.4) becomes.

m:exp{Ef{t,x,z]}
a,expl(F(t.x.2)) + ao
+a_; exp(—£(t,x,2))
+a_ exp(-2£(t.x,2))
exp (28(t,x,2)) + ]

2

u{t, X, z:l =

il

byexp(E(t, x,2)) + bo
+b_y exp(—£(t.x,2))

+b_jexp(—28(t % 2)
(2.22)

Substituting Eq.(2.22) into Eq.(2.2), using Maple, and equating to zero the coefficients of
all powers of exp(n_f). yield a system of algebraic equations in the unknowns
a0, al a2, a_,, a_p bo, bl b_,. b_; and w. solving this system with aid of Maple. we get
the coefficients.

fa,=a,=bi=b,=h_, =0,

a_o b0
ol = h_: J
_ —8kb_; glt.z) +a_,f(t.2)
197 b_,f(t 2)
—4kb_, glt.z) +a_,
B ft,z) + 16k b_,h(t, 2) :

L b_,

where a_; and b_; are free parameters. Substituting these values into Eg.(2.22). we obtain
the following soliton wave solution of Eg. (2.1)

lﬁ.! +a_; W{_EE! (& x, ) }J

exp(2%; (¢, x,2) )
+b_; exp(—28, (¢, %, 2))

J(2.24)

u5{t, x,z) =
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Where
—8kb_, glt.2)
L 4a_,flt.2)
Vi = Tt exp (25, (. x,2)),
Bt xz) =klx -V, L (2.25)

[ —4kb_, glt.z) +a_,
F(t,z) + 16k*b_,h(t, 2)

t
.
= o h:

According to Case A. Eg.(2.24) can be converted into a periodic wave solution as follows:

[ V5 cos( 2% (¢, x, 2))
+iF, s[n{EEg{t,x, z:]}
[ (1 +h_:]cus{2’§g{t,.r,z:]} '

+il1 — b_,lsin(25,(t, x. 2))
r[-ekboz g 'Zt_z)] 7

(2.28)

uglt, x,z) =

+a_ flt.z)
A e
15 b_gflez -Ip

+a_ flt.z)
Ve = |—=l22 -5 |
e b_gflez -Ip

r —Bkh_;g':t_z:‘] 7

where F;(t,x,z) is expressed by Eg.(2.23).

Obviously, there are infinitely number of soliton and periodic wave solutions for Eg. (2.1).
These solutions come from setting different values for the positive integers p. ¢. ¢ and g.
The above mentioned cases are just to clarify how far our technique is applicable.

Generalized White Noise Functional Solutions of Eg. (1.2)

In this section, we employ the results of Section 2 and Hermite transform to
obtain generalized white noise functional solutions for Wick-type stochastic KdV-
Burgers equations (1.2}. The properties of exponential and trigonometric functions yield
that there exists a bounded open set D = R+x R, p <=.6 = 0 such that the solution
u(t.x,z) of Eq.(2.1) and all its partial derivatives which are involved in Eg.(2.1) are
uniformly bounded for (t.x.z) € D x Ks(&). continuous with respect to (t.x) € D for all
z € Ko(6) and analytic with respect to z = Kz(&) ,for all (t.x) € D. From Theorem
41.1in[24], there exists U(t.x.z) € (5)., such that u(tx z) It x) () for all
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(t.x.z) € D x Ko(&), and U(t,x) solves Eq.(1.2) in (5)_, Hence, by applying the inverse
Hermite transform to the results of Section 2, we get the generalized white
noise functional solutions of Eg. (1.2} as follows:

= Generalized stochastic soliton solutions:

4a_y

Mr T+
_ la_, exp” (=5, (t. x))
U162 = e E @) + bo |
b:
+ 5 exp® (— (£, (£ x))
(3.1)
Where
25 a_,F(t) o H(t)
4 —3b3 G(2) ~
Vi = 32 s " (F,6),
= i}
VILB + Ve oy J
B exp"{—E: (¢t _r,]}
U, x) = exp(—25,(t.%)) + (3:2)
Ezlexp‘“{E: (. -ﬂ} -
4
27 exp {_E‘:{t*-r:]}
Where
[43 biG2(t) + 675
_1F(t) =« H(t) -
Vie = - 131]::%;&] -:Ht{ﬂ cexp(-25;(6x) .
[15 biG(t) — 675
_ u_lf{ﬂ o Hit) oz
V1 = | To0slF @ B | P (22(6.22),
v *(—25;(t 2
Us(t.x) = V2 + ;EEE& x;}{t z ]}J,{s.aj
[+h_z exp‘“{—ZEg{t,x,]}
where
[—Bh_z Gt
F
Vo = E—F{i;] o exp® (28,0t 2)),
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» Generalized stochastic periodic solutions:

V,, o cos*((5,0t.2)) +
E’-H‘ Wy e s[n‘*{{fl(t .r:]}

h
U, (e x) = —2 = L(3.4)
[1 +—£—]cas°{{51{tﬂ}
.I.:J:
[1 ——ﬂf—] i sin*((5, (¢, x))
Where
I 75 0. 1r'r‘l=~}-"r"]] T
—aki g2 (8)
Var = 551 BiF () Taoaf
I 25 @y Fltd=aln) T
7. = i —2bj 25"
2 = 5l B2F(e) -1
['F’.-., 4V, ocos®(E;(t. x))
+i Fpg #sin ._.n{t x)
Ut x) = { ) , (3.3
a0+ .8, -2 4]
Where

[43 bIG™2(t) + 675
a_,F(t) « H(t)

2T TT10063F () o HE) ¥
16 b G*(t) — 675
a_,F(t) o H(t)
Vs ,

% = 00sF@ - HED T Ot

[16 b G*2(t) — 675
. a FoHE) 1
=~ 10052 F(® < HED Tt

and

Ay =[cos(25,) — i sin*(25,]].
A; =[eos® (5, ) +isin°(2E,]] .

Ay = [eos(E,) — isin*(2E,]] .
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[ Vys © cos*(25;(¢,x)) ]
+ilG, e s[n"{EEE (t,x;]}

[1+b_,leos*(25,(t.2)) T’
[+:‘[1 —b_,lsin*(25,(t, %) }]

(3.6)

Ut x) =

+a_y Flt)
Ve = |———+0a_,
e b_gFit) e

W, = +|:_,:-'.l.r3
< b_oFlt)

r[-2kb_z nlﬁt)]
- a‘—:]»

with
2
E,_{t,x:]=k[x = % ]{3?3
50a_, F(t) « H{t)
[t L —3pi67E)
= |

Etx)=k [.r+% F:.;], (3.8)

8 bIG(E) 4225
7 _J‘r a_,F{t) « H(t)
S b3H(t)

(. x) = klx — Wy 1. (3.9)

—4kb_, G +a_,
7o _J‘ (t) +16k b_,H(z)

We observe that for different forms of F(t), G(t) and H(t), we can get different generalized
white noise functional solutions of Eg.(1.2) from Egs.(3.1) — (3.6).

Remark

It is well known that Wick version of function is usually difficult to evaluate. So,
in this section, we give non-Wick version of solutions of Eg.(1.2). Let W: = B, ‘be the
Gaussian white noise, where B; is the Brownian motion. We have the Hermite

transform  W.(z) = &,z J“;m{s]ds [24]. Since  exp’(B,) = exp{E‘r —L] we
have sin*(B.) = sin(Br —ﬁjl and cos*(B,) = cos {Br _r?) Suppose  F(t) = u, H(t),
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G(t) = u Ht), and H(t) = & (£} + u; Wt + where u,. u; and u, are arbitrary constants and
a(t) is integrable or bounded measurable function on &,.

Therefore, for F(t) G(t)H{t) =0 the generalized white noise functional solutions
of Eq.(1.2) are as follows:

e
_s exp (=% (£ x))

Ut s) = e W) + an]’
b:
+ 5 exp(— (¥ (t.x))
(4.1)
Where
[ (253 a_yuy
4 3.2 BHIL)
oo = o< UTJ,J't exp (¥, (£,1))
Vrz: +Wag +ay
—u (¢, x, )
Usle, ) = E}E’EW; 2 ;ﬁ (42)
E’LE’TF‘{LP: {t,.r]} -
i—ii exp(—W, (¢, x))
Where
[43 biud +
__|1675a_ju, -
Vi = 1003, exp (2% (tx)) ,

[1& b — 675

B_gly
F;; '1["]biul E:‘Cp{l:'p: ':t_.-t:]}.-
Ve +ayexp( 29 (x.))]
Us t.x) = [ exp (2, (t.x)) ] @.3)
+h_zexp|[—2?’3':t,x,:]}
Where
[—Bh_zln'.,l:]
Vo = —2=1Bs 2 (2w (1, 0),
b_pu;
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% cos((#, (£.2)) +
%’-H Ve sin( (%, (£, %))

Uyt x) = = L (4.4)
[1 + —‘f-] cos((®, (£, %))
EJ:
[1 - —‘f-] i sin( (@, (t.%))
Where
25 E:i'%i]ﬁl'ﬂ .
_ s Llompied 7
Vas = 5 [ = 1+a_y}
25 Eogiy] 1
o= A -2k pd ]H'FI
3 = |35 [ = ]—a_y
[Fr + Vyocos( W, (¢ x))
+i Vg sinl ¥, (¢, x)
Uy, (£, x) = s sinl v ) . (5.3
[:i‘n_-. + b — T?L'j'?]
[4-8 biu + 675
By
Fl:—. = - T I'_‘l—._.
= 10057 uy '
'[15 b}yl — 675 T
B_yliy
Vg = |———57— —1 s
8 100b3., T ot
'[15 biud — 675 T
a_y
P = -1y _
= 100674, f-1
And
As = [eos(2¥,) — isin(2W, ],
Ag = [cos (W) + isin(29, )] .
Ag = [eos(¥,) —isin(2¥; 1] .
[ W, cos(2W, (¢, x))
+i 7, sinl 2%, (¢, x,)
U, (t.x) = u sin(22, ) ,(4.6)

1+ h_:]cns{E?’:{t,x]} ]
+i[1 —b_,lsin(2%, (t. )
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r —Bkh_:_u:J
L - S
he boziy B
with
2
I:'-E'rj_{t_.x:] = k— |:.r _E "leEt: N {‘1’.?:]
[S0a_,u, — 3u3 bi]
Ayp = B :
o
t £2
W, = J‘ alr)dr + g (Br ——),
o = 2
3
I:_:_'.I': {t_..r:] = |ri: |:.r + m .|"_1|11 Fi: :I_. {‘1’.8:]
[225a_, 4, +8us BE]
Ay = B
o
W, (2, x) = klx— 4y, T, 1, (4.9)
[o_op, + lﬁ-kzb_: —4kb_u.]
Ay =
b_,
Conclusion

This paper is devoted to implement new strategies that give generalized white
noise functional solutions for the variable coefficients Wick-type stochastic KdV-Burgers
equations. The strategies pursued in this work rest mainly on Hermite transform, white
noise analysis and exp-function method, all of which are employed to find generalized
white noise functional solutions of Eg.(1.2). Moreover, the planner which we have
proposed in this paper can be also applied to other nonlinear PDEs in mathematical
physics, e.g., KdV,mKdV, Sawada-Kotera, Zhiber-Shabat, Zakharov-Kuznetsov and 2eM
equations. In the case of Gt} = 0.Eqg.(1.2) is reduced to the Wick-type stochastic K&V
equations [14,31]. So, we can obtain a new set of white noise functional solutions for the
Wick-type stochastic KdV equations by setting G(t) = 0in Egs.(3.1) — (3.6). Note that,
there is a unitary mapping between the Gaussian white noise space and the Poisson white
noise space, this connection was given by Benth and Gjerde [3]. Hence, with the help of
this connection, we can derive some Poisson white noise functional solutions, if the
coefficients F(z). G(t) and H(t) are Poisson white noise functions in Eg. (1.2).
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